Let K f denote the commutative unital ring of Colombeau's full generalized numbers. This ring can be endowed with an ultra-metric in such a way that it becomes a topological ring. There are many interesting question about K f in the framework of Commutative Algebra and General Topology as well as of the superposition of these two subjects. The purpose of this paper aims to give an initial step toward the study of this ring.
Introduction
In what follows K will denote either R or C and K f will denote the commutative ring of Colombeau's full generalized numbers. Recently, Aragona and Juriaans (see [4] ) developed algebraic and topological methods to study the ring of the simplified algebra of Colombeau generalized numbers K (see [4] ). Understanding the algebraic and topological properties of K is important because a generalized function can be considered to be an C ∞ function defined on a subset of K n as shown in [1] .
The purpose of this paper is to give a contribution to the study of the algebraic and topological properties of K f . In Section 1 we collect the basic definitions, results and notation that will be used in the throughout the paper and as a rule most of the proofs are omitted. In Section 2 we present our first results most of them being extensions of results of Aragona-Juriaans. In Section 3, we present a more accurate look at the structure of the maximal ideals of K f based on two basic tools. First, a careful analysis of the set of the representatives of elements of K f . Second, the introduction of a set S f of subsets of the domain A 0 (K) of the representatives of elements of K f . The set S f plays the "role" of the set S in the article of Aragona and Juriaans (see Definition 4.1 in [4] ). The family {X A } (A ∈ S f ) of elements of K f , where X A is the characteristic function of A, is very useful to the study of a number of interesting properties one of them being that the unit group K f is dense. We also derive several characterizations of the units of K f as well as a complete description of the maximal ideals of K f . The description of the prime ideals of K f appears to be more complicated than that of the maximal ones. Nevertheless we obtain a first step in this direction. Finally, in Section, 4 based in the work of Aragona, Juriaans, Scarpalezos and Oliveira [5] we study order relations on R f which is used to continue with the study of the algebraic properties of K f . Indeed, we describe completely the minimal primes and show that K f is not Von Neumann regular.
The sharp topology on K f
In this section we recall some basic definitions and results about K f with the purpose of fixing the terminology. As a rule, the proofs are be omitted. (c) Q, denotes the field rational numbers.
Notation 1.1 Some notations necessary in this work

(d) K, denotes the field of real (or complex) numbers, i.e., R (or C).
(e) K * := K \ {0}.
(f ) N, Z, stands respectively for the set of the natural numbers and the set of integers. N * := N \ {0} and Z * := Z \ {0}.
(g) K * := K \ {0}.
(h) R + := {x ∈ R|x ≥ 0} e R * + := {x ∈ R|x > 0}. (m) Γ := {γ : N → R + |γ(n) < γ(n + 1), ∀ n ∈ N and lim n→∞ γ(n) = ∞} is the set of the strict increasing sequences diverging to infinity when n → ∞. 
These are called null functions. The ring of the Colombeau's full generalized numbers is defined as
There exists a natural embedding of K into K f (induced by the map v → (ϕ → v) and so write K ⊂ K f makes sense. Hence K f is a unital commutative K-algebra. The following definition is well known (see [6] ).
Definition 1.3 An element
If there exists some a ∈ K with v ≈ a, then a is called associated the number or shadow of v.
We denote by Inv(K f ) the set of units of K f and clearly K * is a subgroup of the multiplicative group Inv(K f ).
Another interesting subgroup of
r , where i denotes the diameter of ϕ ∈ A 0 (K). In particular, it is easy to see thaṫ
For r ∈ R,α r :]0, 1] → R + is defined byα r (ε) := ε r . It is convenient to defineβ r :=α − log(r) . By (1) we have thatα r (ϕ ε ) =α r (ε)(i(ϕ)) r . We now briefly describe the sharp topology on K f (see [2] ).
Definition 1.4
For a given x ∈ K f we set A(x) := {r ∈ R|α r x ≈ 0} and define the "valuation" of x by V(x) := sup(A(x)).
The following results are easily deduced. 
Proposition 1.6 For x, y ∈ E M f (K) and λ ∈ K, we have:
It follows that
is a metric. In fact it is an ultra-metric on K f invariant under translations.
D determines a uniform structure on K f called the sharp uniform structure on K f and the topology resulting from D is called the sharp topology on K f and denoted by τ sf . The following result is a direct consequence of Proposition 1.6 and of the definition of D.
Corollary 1.8
For given x, y ∈ K f , r ∈ R, s ∈ R * + and a, b ∈ K we have:
−r x and β s x = s x ;
Proposition 1.9 K f , τ sf is a complete topological ring.
P r o o f. It follows from the completude of algebras G Ω and G(Ω) (see [3] ) and from the fact that K f is the ring of the constants of such algebras. Proposition 1.10 K f , τ sf is not:
(ii) separable; (iii) locally compact.
Algebraic properties of K f
In this section we study some algebraic properties of K f . X stand for the topological closure of the set X (except in the notation K f ). We start with the following: Lemma 2.1
(ii) If x ∈ B 1 , then the following statements hold:
Proposition 2.2
Let {a n } n∈N be any sequence in K and let x ∈ B 1 . Then the series n≥0 a n x n converges in
x n converges and we have (1 − x)
P r o o f. The proof is standard an left for the reader.
Theorem 2.4 Let I be a proper ideal of K f . Then for each x ∈ I we have that D(1, x) ≥ 1 and D(1, I) = 1. Hence every maximal ideal of K f is closed and thus it is also a rare set.
, a contradiction. Since D(1, 0) = 1 = 1, the first part is proved. If m is a maximal ideal of K f then, from the first part, we have that 1 / ∈ m and we are done.
Lemma 2.5
The proof is as in [4] .
Another results that is analogous to one of [4] (iii) If X is a Hausdorff topological K f -modules then for all x ∈ X, x = 0, the set P r o o f. We follows the proof of [4] .
But K is a discrete subset of K f and hence, from Theorem 2.4 and the Proposition 2.6 (i), it follows immediately that m ∪ K is a closed set with empty interior. Thus, there exists
Lemma 2.8 Let R 1 , R 2 be positive real numbers and set r := ln(R 1 ) − ln(R 2 ). Thenα r .S R1 = S R2 . In particular, if x ∈ K f \ {0} and r = − V(x) thenα r x ∈ S 1 . P r o o f. This is an immediate consequence of Corollary 1.8 (iv).
Another easily deducible fact is that K f has no non-zero nilpotent elements and hence its nil-radical is trivial. Consequently K f is contained in a product of integral domains.
Characteristic functions
In this section we study the group of the units of the ring of Colombeau's full generalized numbers K f , as well as its prime and maximal ideals. The crucial step in this study is to make a careful analysis of the set of zeros of a representative of an element of K f . Using this we study some special type of characteristic functions showing that they are related with the prime and maximal ideals of K f . One of the main consequence of this analysis is that the set of the unit group of K f is open and dense in the sharp topology. The new feature here is the density since we have already proved it to be open. The idea behind the proof is closely related to Aragona and Juriaans paper ( [4] ). However there is a crucial difference.
It is useful for the reader to recall the definition of the sets S and P * (S f ) defined in [4] (Definition 4.1 pg. 2217). We will use this notation in what follows. For A ⊂ A 0 (K) let A c be its complement in A 0 (K) and denote byX A the characteristic function of A with domain A 0 (K), i.e.,
This is clearly a moderate function. Its class in K f is denoted by X A and still called the characteristic function of A ⊂ A 0 (K).
Definition 3.1 Define
We have the following obvious result.
In what follows the symbol P (S f ) denotes the set of all subsets of S f . Definition 3. 5 We denote by P * (S f ) the set of all F ∈ P (S f ) verifying the following conditions:
The second condition says that F is stable under finite union. The following proposition enumerates some properties of the functions X A . Proposition 3.6
Hence the topology of K f does not have an enumerable base.
− V(XA−XB) = e − sup(A(XA−XB )) = e 0 = 1. The (iii) and (iv) are obvious. Definition 3.7 For F ∈ P * (S f ) let g f (F ) := {X A |A ∈ F } be the ideal of K f generated by the set of the characteristic functions of A with A ∈ F.
The following is an easy to result. Lemma 3.8 If F ∈ P * (S f ) and A, B ∈ F then X A∩B , X A∪B ∈ g f (F ).
Multiplying both members of the former equation by
and so, for this ϕ, {ε|ϕ ε ∈ A} ∈ S ⇒ 0 ∈ {ε|ϕ ε ∈ A} ∩ {ε|ϕ ε ∈ A c }, i.e., there exists a sequence {ε n } n∈N converging to zero when n → ∞ such that ϕ εn ∈ A c . It now follows that
The proof is similar to that given in [4] . Theorem 3.10 associates with each prime ideal
In what follows g f (F ), where
Definition 3.11 Let x ∈ K f andx one of its representative. We define Z(x) := {ϕ ∈ A 0 (K)|x(ϕ) = 0}, the set of zeros of the representativex of x. Lemma 3.12 Let x ∈ K f \ {0} and F ∈ P * (S f ). Then the following statements are equivalents:
If A ∈ F and (see [2] ) xX A = x, then x ∈ g f (F ). Therefore there exists A ∈ F and x ∈ K f such that x = xX A , where X A ∈ g f (F ).
Theorem 3.13
and that Z(x) ∈ S f for some representativex of x. Then, by Proposition 3.6 (iii), we have thatX Z(x) / ∈ {0, 1}. ThusX Z(x) = 0 but xX Z(x) = 0 and hence x is a zero divisor, a contradiction.
To prove the converse it is enough to show (ii).
(ii) We will show that if x / ∈ Inv(K f ), then x is a zero divisor. In fact letx be a representative of x. We consider two cases:
(a) If Z(x) ∈ S f then, by Proposition 3.6 (iii), we have thatX Z(x) = 0 and since xX Z(x) = 0 we have that x is a zero divisor.
for some ϕ ∈ A 0 (K) and (x * −x) ∈ N f (K). So we may substitutex by x * and assume thatx(ϕ) = 0.
For this ϕ we define the set A p (ϕ p ) := {ε n |n ∈ N} and let B := {(ϕ p ) εn |ε n ∈ A p (ϕ p )}. Then B ∈ S f , i.e., ∀ p ∈ N, exists ϕ p ∈ A p (K) tal que {ε n |(ϕ p ) εn ∈ B} ∈ S. Indeed, it is enough to show that {ε n |(ϕ p ) εn ∈ B} ∈ S. For that is enough to notice that
In fact, taking p = 0 and γ(q) = q we have that |xX B (ϕ ε )| ≤ Cε q < 1 for small ε. Therefore, xX B ∈ N f (K).
Definition 3.14 For
(ii)X a,x :=X Na(x) e X a,x := X Na(x) .
Lemma 3.15 If
As γ is divergent, one can choose q such that γ(q) − p > 2. Now choose ε such that 0 < ε < τ (ϕ) < η = η ϕ and Cε γ(q)−p < 1. Under these conditions
Lemma 3.16
We have that X Nq(x) = 1 if and only ifX (Nq(x)) c = 1 −X Nq(x) ∈ N f (K) and, by Lemma 3.15, there exists τ :
. Item (ii) can be proved in a similar way. Proposition 3.17 Let x ∈ K f , (x = 0) be a non-unit. Then there exists a ∈ N such that S = N a (x) ∈ S f and |xX S | <α a . P r o o f. In the prove x will stand for a representative. Suppose that ∀a ∈ N is we have that S := N a (x) / ∈ S f . Then either X Na(x) ∈ N f (K) or X (Na(x)) c ∈ N f (K). In fact, if X Na(x) ∈ N f (K) then, by Lemma 3.15, there exists τ :
follows from Definition 3.14 that |x(ϕ ε )| ≥α a (ϕ ε ) = (i(ϕ)) a ε a , ∀ 0 < ε < τ (ϕ) and therefore
. This implies that 1
x ∈ E M f (K) and, since x 1 x = 1, follows that x is a unit, a contradiction. On the other hand if X (Na(x)) c ∈ N f (K) then, since X (Na(x)) c = 1 − X Na(x) , it follows that X Na(x) = 1, ∀ a ∈ N and hence, from Lemma 3.16 (i), it follows that x ∈ N f (K), a contradiction. It follows that there must exist an a ∈ N such that N a (x) ∈ S f . The last affirmation follows immediately of the definition of S.
The follow result is fundamental in proving many other results. Sometimes we shall refer to it as the Approximation Theorem.
Theorem 3.18 Let x ∈ K f , (x = 0) be a non-unit. Then only one of the following conditions holds:
(a) There exists S ∈ S f and a ∈ N such that (i) xX S = 0;
(ii) |xX S c | ≥α a X S c (i.e., there existsx representative of x such that |x(ϕ)| ≥α a (ϕ), ∀ ϕ ∈ A 0 (K)).
(b) There exist sequences {a n } n∈N ⊂ N and {S n } n∈N ⊂ S f such that (i) S n ⊃ S n+1 , a n < a n+1 and lim n→∞ a n = ∞;
P r o o f. Suppose that x does not satisfy (a). We will show that condition (b) holds. As x ∈ K f \ {0} and x / ∈ Inv(K f ) it follows, from Proposition 3.17, that exists a 1 ∈ N such that if S 1 := N a1 (x), then S 1 ∈ S f and |xX S1 | <α a1 . Let x 2 = xX S1 . If x 2 = 0, then xX S1 = 0 and so (a) (i) holds. From Definition 3.14 we also have that |xX S c 1 | ≥α a1 X S c 1 , i.e., (a) (ii) holds and hence x it satisfies (a), contrary to our assumption. So we have that x 2 = 0.
x 2 X S c 1 = 0 with S 1 ∈ S f and hence x 2 it is a non-trivial zero divisor and so is a non-unit. This allows us to proceed by induction. For completeness we show how to accomplish the inductive step: There exists a n+1 ∈ N such that ifS n+1 := N an+1 (x n+1 ), thenS n+1 ∈ S f and |x n+1 XS n+1 | <α an+1 ⇒ |xX Sn∩Sn+1 | <α an+1 . Let S n+1 := S n ∩S n+1 . Then S n+1 ⊂ S n ∈ S f and so S n+1 ∈ S f and |xX Sn+1 | <α an+1 . Definition 3.14 tells us thatα
From there, we have thatα an+1 (ϕ) <α an (ϕ), ∀ ϕ ∈S c n+1 which implies that
Hence a n < a n+1 for some ϕ ∈S c n+1 such that 0 < i(ϕ) < 1. Such ϕ ∈S c n+1 it always exists, thereforẽ S c n+1 ∈ S f 1 . In this way we construct sequences {S n } n∈N and {a n } n∈N satisfying conditions (i) and (iii). We now show that condition (ii) also holds: from (iii) it follows that for each n ∈ N, |(xX Sn )(ϕ)| <α an (ϕ), ∀ ϕ ∈ A 0 (K) and hence xX Sn ≤ α an = e −an −→ n→∞ 0.
Theorem 3.19 x ∈ Inv(K f ) if and only if there are
, wherex is a representative of x. P r o o f. Suppose that x ∈ Inv(K). Then, from Lemma 3.16, we have that X Nq(x) = 0, ∀ q ∈ N, i.e., X Nq(x) ∈ N f . Lemma 3.15 implies that there exists τ :
c }. Thus, from Definition 3.14, it follows that |x(ϕ ε )| ≥α q (ϕ ε ), ∀ 0 < ε < τ (ϕ), wherex is a representative of x. Hence we may take q = r.
Conversely, if there exists r > 0, τ :
and hence
.
Lemma 3.20 Let x ∈ K f , (x = 0) be a non-unit. Then there exists a ∈ N such that y := x(1 − X Na(x) ) + X Na(x) ∈ Inv(K f ). P r o o f. By Proposition 3.17, there exists a ∈ N such that N a (x) ∈ S f hence X Na(x) / ∈ {0, 1}. Definê y :=x(1 −X Na(x) ) +X Na(x) . Then we see easily that the class ofŷ defines a unit. P r o o f. By Lemma 3.20, there exists a ∈ N such that y = x(1 − X Na(x) ) + X Na(x) ∈ Inv(K f ). As X Na(x) / ∈ {0, 1}, X Na(x) / ∈ Inv(K f ) and K f is a ring with unit, there exists a maximal ideal m ⊳ K f such that X Na(x) ∈ m. We shall prove that x / ∈ m: if x ∈ m, then xX (Na(x)) c = x(1 − X Na(x) ) ∈ m hence y = x(1 − X Na(x) ) + X Na(x) ∈ m Inv(K f ), a contradiction.
We can now state the main result of this section which completely describes the maximal ideals of K f and shows that the unit group is dense and open. 
P r o o f. (1) (⇒)
Suppose that m is a maximal ideal of K f . Then m is a prime ideal of K f and from the Theorem of the approach there exists only F = F m such that g f (F ) ⊂ m. Let x ∈ m \ g f (F ). We now construct a sequence {x n } n∈N in g f (F ) such that x n −→ n→∞ x in K f . For this we show that x satisfies the condition (b) of the Theorem of the Approach. Indeed, if x does not satisfy condition (b) of the Theorem of the approach then, has been that x it satisfies the condition (a) of the Theorem of the approach, i.e., there exists S ∈ S f and a ∈ N such that
One remembers that this S is accurately N a (x). Suppose that S ∈ F. Then
Thus, y := x(1 − X S ) + X S ∈ m which is nonsense. Therefore from Lemma 3.20 y is invertible. Now, assume that S c ∈ F. Then
and from (a) part (i) xX S = 0 of Theorem of the approach it follows that
which is nonsense. Therefore, hypothecally, x / ∈ g f (F ). Hence, we conclude that x cannot satisfy condition (a) of the Theorem of the Approach and, therefore, x satisfies condition (b) of the Theorem of the Approach, i.e., there exists sequences {a n } ⊂ N and {S n } ⊂ S f such that (i) S n ⊃ S n+1 , a n < a n+1 and lim n→∞ a n = ∞;
We affirm that S c n ∈ F. Indeed, if this will not be the case, then S n ∈ F end therefore,
and once again we would have that y = x(1 − X Sn ) + X Sn ∈ m which is nonsense. Therefore from Lemma 3.20 y ∈ Inv(K f ). Thus, S c n ∈ F which implies X S c n ∈ g f (F ).
x, since from (ii) of (b) of the Theorem of the approach we have
is a proper ideal of K f and, therefore, g f (F ) ⊂ m for some maximal ideal m of K f . More still, for the Theorem of the approach we have that F = F m and the conclusion comes immediately from necessary condition.
(2) We know of the Corollary 2.3 that
it is an open subset of K f , hence, it remains to show that Inv(K f ) is a subset dense of K f . That is, all element x ∈ K f is limit of some sequence of elements of Inv(K f ). For the Lemma 2.5 (i), we have that 0 ∈ K f is limit of a sequence in
It is enough then to study the case where x ∈ K f \ {0} and x / ∈ Inv(K f ), therefore if x ∈ Inv(K f ) we take the sequence constant. For the Theorem of the da Approach x it satisfies (a) or x it satisfies (b). In each one of the cases we go to construct sequences in Inv(K f ) that they are τ sf -convergent the x. Initially let us assume that x it satisfies (a) and defines
We go to show that x n ∈ Inv(K f ), ∀ n ∈ N and that x n −→ n→∞ x. Indeed, for the item (i) of (a), we have that x n = x +α n X S , pois xX S = 0. Now remeber that S = N a (x) and
For the Theorem 3.19, x n ∈ Inv(K f ), ∀ n ∈ N, i.e., {x n } n∈N is a sequence in Inv(K f ). Now, as
follows that x n − x =α n X S .
Hence for the pelo Corollary 1.8 (iv), we have that
i.e.,
and as e −n −→ n→∞ 0 follows that
Finally, let us assume that x satisfies the condition (b) and defines
We go to show that x n ∈ Inv(K f ), ∀ n ∈ N and that x n −→ n→∞ x. Indeed,
n . Recalling that in the demonstration of the Theorem of the approach S n = N an (x), we have that
And, one more time, for the Theorem 3.19, come x n ∈ Inv(K f ), ∀ n ∈ N. Since x n = x − xX Sn +α an X Sn follows that
α an X Sn + xX Sn (for the Corollary 1.8 (i), we have that) ≤ max{ α an X Sn , xX Sn } (for the Corollary 1.8 (iv), we have that)
= max{e
−an , xX Sn }.
But for itens (i) and (ii) of (b), we have that max{e
This sample our assertive one.
Algebraic Properties of K f
In this section we introduce a partial order in R f the ring of the Colombeau's full generalized numbers (on R) which we shall prove induces a total order in every residualy class field. The base for this section is the works of Aragona, Juriaans, Oliveira and Scarpalézos [5] and Aragona, Fernandez and Juriaans [2] who developed research, mostly related to the ring of Colombeau's simplified generalized numbers K (where K is R or C). Actually we prove a stronger result which will allow us to prove, in the next sub-section, that K f contains minimal prime ideals. Before we go on we define some conventions. Notation 4.1 If F ∈ P * (S f ) then g f r (F ) denotes the ideal of R f generated by the characteristic functions of elements of F and g f (F ) the ideal of C f generated by the same function (see Section 3).
Relation of the order on R f
The Lemma below from Aragona, Fernandez and Juriaans [2] is the base for the order definition. Lemma 4.2 For all x ∈ R f the following statements are equivalent:
(ii) There exists a representativex of x such thatx satisfying ( * ).
(iii) There exists a representative x * of x such that x * (ϕ) ≥ 0, ∀ ϕ ∈ A 0 (K).
(iv) There exists N ∈ N and a representative x * of x such that x * (ϕ) ≥ 0, ∀ ϕ ∈ A N (K).
P r o o f. See [2] . 
gives to an element which is neither q-positive nor q-negative. It does however define a partial order such that the sum and product of q-positive elements are q-positive.
For every x ∈ K f , ifx is a representative of x, the function |x| : A 0 → R + defined by |x|(ϕ) = |x(ϕ)| is of course a moderate function and |x| := cl[|x|] is independent of the representativex of x. This Colombeau's full generalized number is called the absolute value of x. Hence we have the natural aplication Note that x + and x − depend only on x.
Definition 4.6 For a given
, where Arg(u(ϕ)) denote the argument of u(ϕ) ∈ K, with the convention that Arg(0) := 0.
In the case K = R the images of θ u and θ −1 u are contained in {−1, 1}. It is also clear that these are moderate functions and inverses of each other. Moreover, we have u(ϕ)θ u (ϕ) = |u(ϕ)|, ∀ ϕ ∈ A 0 (K). Therefore, if we denote for |u|(ϕ) := |u(ϕ)|, ∀ ϕ ∈ A 0 (K), we can to write uθ u = |u| and, therefore, |u| ∈ E M f (R).
Definition 4.7 For a given
u Θ u we have that they are units. Note however that these functions depend on the representative. The following proposition is easily proved. Proposition 4.8 Let x, y ∈ R f . Then:
(ii) x = x − iff x = −|x| iff x is q-negative. (ii) If x ∈ J and |y| ≤ |x| then y ∈ J.
(iii) If K = R and 0 ≤ y ≤ x then y ∈ J.
(ii) If |y| = |x|, then from (i), |x| ∈ J. Therefore x ∈ J hence |y| ∈ J and from the reciprocal of (i) it follows that y ∈ J. Now, if |y| < |x|, then |x| = 0. Therefore if |x| = 0, then |y| < 0 which is nonsense. Therefore |y| ≥ 0. Let u = |y| |x| . Then |y| = u|x| ∈ J. Therefore from (i) |x| ∈ J (x ∈ J) and J is a ideal of K f . Once again, from the reciprocal one of (i), we have that y ∈ J.
(iii) Follows from (ii) and Proposition 4.8. Note that the involutions c : C → C defines by c(z) = z extends to an involution C f → C f of C f . We shall call this involution conjugation. The following result is clear.
Lemma 4.12
Let J ¡ C f be an ideal of C f . Then:
(ii) J = J r + iJ r and J is invariant under conjugation.
Corollary 4.13 Let F ∈ P * (S f ). Then:
(ii) If z ∈ C f then z ∈ g f (F ) if and only if |z| ∈ g f r (F ).
Lemma 4.14 Let F ∈ P * (S f ) and x, y ∈ R f . Then the following hold:
(ii) The part x + or x − of x belongs to g f r (F ).
i.e., ||x − − y − || ≤ |x − y|. Since (x − y) ∈ g f r (F ), it follows from Proposition 4.10 item (ii) that |x − − y − | ∈ g f r (F ) and from the reciprocal of 4.10 item (i) we have that x − − y − ∈ g f r (F ) and since x − ∈ g f r (F ) it follows that y − ∈ g f r (F ). (ii) We can assume here that x is q-positive and non q-negative hence, x has a representativex such that θx / ∈ {±1} what it means that if A := {ϕ ∈ A 0 (K)|θx ≡ 1}, then A or A c belongs in F and the result follows from Proposition 4.8 item (viii).
Definition 4.15
Let α ∈ R f /g f r (F ) be given. We say that α is non-negative, α ≥ 0, if α has a representative a ∈ R f such that the part negative, a − , belongs to ∈ g f r (F ).
Definition 4.15 gives rise to ordering in the traditional way. Lemma 4.14 shows that Definition 4.15 is intrinsic, i.e., it does not depend on the representative. The following lemma is easily shown and should be well known. We now come to our main result of this sub-section.
Theorem 4.17
Let F ∈ P * (S f ). Then R f /g f r (F ), ≤ is a totally ordered ring.
P r o o f. The proof is similar that one presented in [5] (See Theorem 3.14 pg-8).
Other algebraic properties of K f
We reserve this sub-section to give continuity to the algebraic facts studied in the Section 3 where the maximal ideals of K f were completely described. Now we completely describe the minimal primes and show that K f is not Von Neumann regular. 
Theorem 4.19
Let e ∈ K f be a non-trivial idempotente. Then there exists S ∈ S f such that e = X S . In particular, we have that B(K f ) is a discrete subset of K f . P r o o f. Letê = e(ϕ) be a representative any of e. Then since e 2 = e, it follows that e(1 − e) = 0, i.e., e(1 −ê) ∈ N f (K). Hence there exists p ∈ N, γ ∈ Γ such that for all q ≥ p and for all ϕ ∈ A q (K) there exists C = C(ϕ) > 0, η = η(ϕ) > 0 such that |ê(ϕ ε )(1 −ê(ϕ ε ))| ≤ Cε γ(q)−p , ∀ 0 < ε < η.
Let S = (N a (ê)) c = {ϕ ∈ A 0 (K)||e(ϕ)| ≥α a (ϕ)} andû =ê −X S . Then we will go show thatû ∈ N f (K).
Indeed, ifû =ê −X S , then for all 0 < ε < η, we have that |û(ϕ ε )| = |1 −ê(ϕ ε )|, se ϕ ε ∈ S |ê(ϕ ε )|, se ϕ ε ∈ S c .
hence xX S c = 0. Suppose that x ∈ J = X S K f . Then x = yX S for some y ∈ K f . From there, we have that 0 = (yX S )X S c = xX S c = 0 which is a contradiction.
(b) Now, if γ(S) is infinite, then there exists a sequence {ε n } ⊂ {ε|ϕ ε ∈ S} that converges to zero when n → ∞ such that {γ(ϕ εn )} ⊂ N is an increasing and strict divergent sequence. Let us assume that X S = yx. ThenX S (ϕ ε ) −ŷ(ϕ ε )x(ϕ ε ) = 1 −ŷ(ϕ ε )x(ϕ ε ) −→ n→∞ 0.
But since {γ(ϕ εn )} is a divergent increasing sequence it follows easily that y cannot be a moderate function, that is, y / ∈ E M f (K) which is a contradiction. Of the two contradictions found in the cases (a) and (b) give the result.
From the above we can affirm that K f is not Von regular Neumann according to Definition 4.20. Theorem 4.23 K f is not Von Neumann regular. In particular, there exists F ∈ P * (S f ) such that g f (F ) is not closed and K f has a prime ideal which is not maximal. P r o o f. We know from Theorem 3.21 that the nil-radical of K f is null, that is, N (K f ) = {0}. Therefore, from Proposition 4.21 and Lemma 4.22 follows that K f is not Von regular Neumann.
Theorem 4.24
For all F ∈ P * (S f ), we have g f (F ) is a prime ideal. P r o o f. Initially, let us assume that K = R. We need to show that condition (ii) of Lemma 4.16 is verified. Thus, there are a, b ∈ R f such that a − , b − ∈ g f (F ). Then
Hence (ab) − ∈ g f (F ). Therefore a + b − + a − b + ∈ g f (F ). This means that the positive cone is invariant for multiplication. Now, let a ∈ R f such that a 2 ∈ g f (F ). From the definition of the ideal g f (F ), we have that there exists A ∈ F such that a 2 = a 2 X A . Hence, a 2 X A c = 0 and thus aX A c ∈ N (R f ) = 0. Them, a = aX A + aX A c = aX A ∈ g f (F ). Thus, we are made in this case. To complete the test let us consider the case where K = C. Let x, y ∈ g f (F ) such that xy ∈ g f (F ). Then |xy| = |x||y| ∈ R f ∩ g f (F ) = g f r (F ). For the first case |x| or |y| belongs to g f r (F ) and from the convexity of ideals it follows the result. Corollary 4.25 {g f r (F )|F ∈ P * (S f )} is the set of minimal prime ideals of R f and {g f (F )|F ∈ P * (S f )} is the set prime ideals of C f . acknowledgement This paper is part of the second authors Ph.D. thesis done under supervision of the last author at the University of São Paulo, Brazil.
